Arvind Borde / PHY 19, Week 5: General Relativity I1l1: Cosmology

§5.1 Review

(1) What do we do when we do GR?

(2) What is Einstein's equation?

where T, is the energy-momentum tensor of mat-

ter, and R and R, are curvatures.

(3) What does it mean to “solve Einstein's eq.?”

It's not possible to solve the equation without fur-

ther assumptions. These are

The theory is difficult computationally, and also
conceptually because you are determining the struc-
ture (or geometry) of spacetime itself by finding

the metric.

What does knowing the metric, g,5, do for you?

Knowing the metric allows you to know

e}

Another twist:

Solving Einstein’s equation

GG

1
Rab - §Rgab - C—4Tab

means

65.2 Example 0: The vacuum, T,;, =0
Einstein's equation becomes
1
Rap — §Rgab =

Solutions of this are called

An obvious vacuum solution is that

making R,, and R zero; i.e, spacetime is flat.
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This means that the metric can be reduced every-

where to the Minkowski metric

1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0o -1

Arvind Borde

That's what you'd naively expect:

No matter

!

No gravitation

!

No curvature

Spacetime should be flat. Life is good  cast for now).

65.3 Example 1: Cosmology

“we are not able to make cosmological models with-

out some admixture of ideology’
— S.W.Hawking and G.F.R.Ellis

“The Large Scale Structure of Space-Time,” 1973.
The ideology that we adhere to today is the anti-
ideology of the anthropocentric view held in West-

ern Europe for around 2,000 years:

Less dramatically, we assume that the Universe

is } (all places the same) and

(all directions the same) on the largest scales.

§5.3.1 The form of the metric Under these restric-

tions, we assume there's “time coordinate” ¢ and

a set of “spatial coordinates,” such that

a) t = constant hypersurfaces, H, do not intersect

each other and are (going to be) “spacelike”;

b) fixed values of the spatial coordinates define

timelike lines in the “t direction.”

The metric takes the form
ds* = dt* — a*(t)do?

where do? is a metric on a 3d space of constant

curvature, k.

There are three possibilities: kK > 0, k =0, k£ < 0.
They can bescaledto k=1, k=0, k= —1.
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Picking suggestive coordinates (¢,r,6,¢) fixes a

form for the metric:

k=—1
2
ds* = dt* — a*(t) st r2d0? =0
k=41

where dQ? = d6? + sin® 0do?.

Cred: Friedman (Soviet Union), Lemaitre (France), Robert-
son and Walker (USA) in the 1920s—1940s.
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The three possibilities, labeled by k, arise from the
being

(2d representations of 3d space

. J . 4
-~ -~

“open” universes (spatially infinite) ‘“closed” (finite)
0<r<oo 0<r <2rw

a(t) is called the of the Universe

and is assumed positive. Its behavior follows from

Einstein's equation and the nature of matter. Dif-

ferent behaviors arise in different circumstances.

The nature of matter is what the energy-momentum
says it is. Our symmetry assumptions force matter

to be uniformly sprinkled throughout the Universe.

We model this by assuming the Universe is filled

entirely and uniformly by a fluid:

T = (p+ P) + Pgap

o O OO

1 0 0
0 0 0
0 0 0
0 0 0

where we identify

and

The metric, g.p», appears on the right hand side of

Einstein's equation, too.

Our goal is to figure out the behavior of a(t), p

and P from Einstein's equation.

The steps are

1. Calculate the curvatures R, and R from the
FLRW metric. The answer will involve a(t),

and its derivatives.

2. Set up Einstein's equation with the above form
of Tabi
1 8t
Roy — =Rgap = ——
b5 Gab A
3. Solve (as best you can).

Tab
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§5.3.2 Calculating a(t)

dr?

2 2 2 20902 1 i 20712
ds® = dt* — a*(t) 1—kr2+r(d0 + sin” 0do”)

1 0 0 0

2
t
@) 0 0
Jab = 1—Fkr?

0 0 —a?(t)r? 0

0 0 0 —a?(t)r? sin? 0

Arvind Borde

1 0 0 0 \
1— kr?
0 ——_"" 0 0
a’(t)
ab
g = 1
0 0 0
a?(t)r?

1

0 0 0 _

Christoffel symbols:

1 9gi | Ogr;  09ij
[ = Z—gmk = J _ —2Y
i = 99 (8u3 T 9w T auk

rto_ 1 (89¢t g; 8gij>
1]

2 \ Ou’ ou’ ot

i.e. (no sum over t),

t _pt o

(4) Calculate T, I‘f,¢, F§¢.

(5) Calculate T%,..

t
Frr_

...and so forth.

Here they all are (non-zeroes):

It =aa/(1—Fkr?)  TL.=kr/(1—kr?)

Ty = aar?

I, = T4, = 1%, = i/a
bo = —r(1—kr?)

I =T% =1/r

FfM, = aar?® sin’ 0
vo = —T(1— kr?) sin? 0

4 cot 0

ng):—sz’nﬁcosﬁ 06 =

Then, we calculate the Ricci tensor:

orm™  grm
— mo (¥ m l—m Fm I\n m
Rij = Rimj = Gom = g T Histnm = Ll

Ry = —3d/a

Ry = (ad + 2a® 4 2k) /(1 — kr?)
Rgg = r*(ai + 2a° + 2k)

Ryp = r*(ai + 24° + 2k) sin® 0
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R = g" R
: N2
k
a a a
then set
1 8tG
Rij — 5R9ij = — Ty

with Tj; for a perfect fluid.
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The result of steps (1) and (2) is:
()
(©)

where k = —1, £k = 0, and k = +1 gives us the

three cases we've mentioned.

(6) What does eqn. <) say p has to be if a(t) = C

(a constant)?

In practice, both p and P are positive for normal
forms of matter.
(7) In this case, what does eqn.© say whether

a(t) can be constant?

We can get more information by making further
assumptions about p and P, usually a relationship
between the two (“equation of state”).

One scenario: P = p/3 ("radiation dominated”)

V2t +12 ()
a(t) = ¢ 44/t (0)
V2U—12 (4)

Plotting this around “today”:

a(t)

\

—— + Curvature
— 0 Curvature
—— - Curvature

- t [time]
today

a > 0: The Universe is expanding.
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a(t) a(t)
Projecting Projecting
intO —— + Curvature intO — + Curvature
—— 0 Curvature —— 0 Curvature
the — — Curvature the — — Curvature
future: (ime] past: fime]
- t [time - t [time
today "ﬁ" today

Ifthe graph is concave down throughout, it follows

a < 0: The expansion is deccelerating. )
P & that a(t) was zero in the past.

The graph is concave down. (The Universe had a beginning.)

This consequence holds up in a wide variety of sce-
: P Y (8) Now, rewrite the (<) equation with all the

narios where ‘“gravity is attractive.” This happens
gravity PP a(t) terms on the left.

when p > 0 and P > 0, and it forces the expansion
of the Universe to decelerate. l.e., the equation

3a(t)  4nG
alty (p+3P)

forces a < 0. Observations indicate that the Uni-

(9) If a(t) — 0 what can you say about the left-
hand side, and therefore p on the right?

verse is expanding, we are led to the inevitable

conclusion: There is always a beginning.

How it “Looks”

Ast — 0, a(t) — ,and p —
B
A
C
K
|
N
T
,\|/| Infinities are problematic ( ).
E Still, the Universe was in a very hot, dense state
i

in the past from which it exploded and expanded:
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' i i i i _ %o the Reverend Dr. RicrarDd
You'd think Einstein would be happy at this ma CBamwries, g b Bl of
jor consequence, but he had sensed as far back as - Worcefter’s H";‘(& in_ Park-

. ftreet, Weftmintter.,

1917 that these issues, especially that of singular- R

SIR, . . L :
W HEN I wrote my Treatife about
our Syftem, I had an Eye upon

ities, might be a problem.

In fact, these issues arise in Newtonian gravity, as fuch Principles as might werk with cons
) ) ) fidering: Men, for”the Bélief of 4 Deity,
well, as Newton mentioned in letters he wrote in and nothing can rejoice me more than to

: find it ufeful for that Purpofe,
1692-93 (“Four Letters from Sir Isaac Newton to R RS T Me e

Doctor Bentley”), December 10, 1692

As to your firft Query, it fcems to me Mas. But if the Matter was evealy dif-
that if the Matter of our Sun and Planets, !)ofed throughout an infinite Space, it
and all the Matter of the Univerfe, were could never convene into one Mafs, but

evenly fcattered throughout all the Hea-,

fome of it would convene ‘into one Mafs
vens, and every Particle had an innate

| ) g.nd fome into- another, fo a§ to make an
Gravity ,towards. all the, r?[t, .af)d the infinite Number of great Mafles, feattered
whole Space, throughout which this Mat- st ‘preat Diftarices from ‘une to-smother

ter was feattered, was but finite; the ehiciish . .
\ aktcrcd, . e t all that infi S .
Matter on the outfide of this Space would R o W SAATESIR e

by its Gravity tend towards all the Matter
on the ifide, and by corifequence fall December 10, 1692

down into the'middle of the wifole Space, Newton then goes on to say how this might explain
and there compofe one great {pherical

December 10, 1692 why the Universe contains what it does, as known

at the time (stars and planets) ...

thus ‘might the Sun'and fixt Stars be

formed, fuppofing the Matter were of a Bentley raised ebjections and Newton replied:

lucid Nature. But how the Matter thould P Agree with you, that if Matter evenly
divide itfelf into two forts,-and that Part diffufed through a finite Space, not
‘;;;(;t: which is fit to .°°"f‘P°f°a thining fpherical, fhould fall into a folid Mafs,

¥ {hould fall down into one Mafy this Mafs would affec the Figure of the

and. make a Sun, and the reft, which is 4 < . .
fit to compofe an opaque Body, thould whole Space, medCd it were not foft,

coalefce; not into one great Body, like the Protuberances might fometimes fink a
the thining Matter, but into many- little little by their Weight, and thereby the
ones .. I do not Mafs might, by Degrees,
think explicable by meer natural Caufes, foheri lg_- » by Degrees; approzch a
pherical Figure,
December 10, 1692 January 17, 1693
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harder it is to fuppofe all the Parficles in
an infinite Space thould” be fo accurately
poifed one among another, as to ftind
ftill in a perfe@ Equilibrium. For I reckon
this as hard as to make not one Needle
only, but an infinite number of them (fa
many as there are Particles iri an infinite
Space) ftand accurately poifed upbn’ theig

Points.

January 17, 1693
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Yet I grant it poffible, at leaft by
2 divine Power ; and if they were once to
be placed, I agree with you that they
would continue in that Pofture without
Motion for ever, unlefs put iito new Mo-
tion by the fame Power. When there-
fore 1 faid, that Matter evenly fpread
through all Space, would convene by its
Gravity into one or more great Maffes, I
underftand it of Matter not refting in an
accurate Poife. ’

January 17, 1693

But you argue, in the next Paragraph
of your Letter, that every Particle of
Matter in an infinite Space, has an infi-
nite Quantity of Matter on all Sides, and
by confequence an infinite Attraction every
way, and therefore muft reft in Equili-
brio, becaufe all Infinites are equal. Yet
you fufpect a Paralogifin in this Argu-
ment ; and I conceive the Paralogi{m lies
in the Pofition, that all Infinites are equal.

January 17, 1693

After a long discussion of infinity, Newton ends:

I fear what I have faid of Infinites, will

feem obfcure to you ; but it is enough if

you underftand, that Infinites when con-

fidered abfolutely without any Reftriction

or Limitation, are neither equal nor un-

equal, nor have any certain Proportion one

to another, and thcrefore the Principle

that all Infinites are equal, is a precarious

one.

January 17, 1693
Newton ties himself into knots, with good reason.

The same issue arises in General Relativity. A year
after his fundamental paper introducing that the-
ory, Einstein wrote a paper on cosmology:

COSMOLOGICAL CONSIDERATIONS ON
THE GENERAL THEORY OF RELATIVITY'

A. EINSTEIN

Translated from * Kosmologische Betrachtungen zur allge-®
meinen Relativitdtstheorie,” Sitzumgsberichte der Preus-
stschen dkad. d. Wissenschaften, 1917.

He saw that difficulties with the Newtonian theory

were serious

If we apply Boltzmann's law of distribution for gas
molecules to the stars, by comparing the stellar system with
a gas in thermsl equilibrium, we find that the Newtonian
siiellar system cannot exist af all. For there is a finite ratio

and that General Relativity would have the same

problem. A static Universe would be unstable.
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Gravity is a destabilizing phenomenon because it

is (apparently)

Newton and Einstein realized that the attractive
nature of gravity made systems that are controlled

by inherently prone to collaps-

ing on themselves. Yet, much of the Universe is
stable. We don't see things rushing to each other,

overwhelmed by a fatal gravitational attraction.
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Against gravitational collapse, what supports

(10) the atomic nucleus?

(11) molecules?

(12) your nose?

But, what supports and gives stability to
(13) the solar system?

(14) galaxies?

No electromagnetic forces at work here.

The motion that gives stability to the solar system

and to galaxies is

There is no evidence for large-scale rotation of the
Universe. But expansion could have been used by

Einstein to stabilize the Universe.

Instead, he changed his theory

§ 2. The Boundary Conditions According to the General
’ Theory of Relativity
In the present paragraph I shall conduct the reader over
the road that I have myself travelled, rather a rough and
winding road, because otherwise I cannot hope that he will

take much interest in the result at the end of the journey.
The conclusion I shall arrive at is that the field equations of
gravitation which I have championed hitherto still need a
slight modification, so that on the basis of the general theory
of relativity those fundamental difficulties may be avoided
which have been set forth in § 1 as confronting the Newtonian
theory. This modification corresponds perfectly to the transi-

admitting that

DU PUAMY UL PAURULIY GIVe Vaas tama~me = =

will not here be discussed. In order to arrive at this con-
sistent view, we admittedly had to introduce an e{;tenmon of
the field equations of gravitation which is not justified by: our
actual knowledge of gravitation. It is to be gmp}msmed,

R

This is a glimpse of how some of the remainder of

Einstein’s career would play itself out.
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Einstein proposed altering his equation to
1 81G
Rab - ERgab + = 6—4 ab

A is called the and

is meant to give a small effective large scale repul-
sion that would balance the instability caused by
the inherently attractive nature of gravity, and so

give a static Universe.

Arvind Borde

Einstein found the idea of a static Universe at-
tractive because, among other reasons, it would
eliminate the question of the initial singularity (the

origin of the Universe).
The Universe would not begin, end, or change.

It would simply be.

The cosmological solutions now become

3a%(t) 8rG 3k
GQ(ES)): T (@)
35((;)) = 4:4G (p+3P)+A (V)

Einstein showed that if £k = 1 and P = 0 there
is a particular (“critical”) value of A that allows a

static solution with a(t) = constant.

We've seen that if a(t) = C = constant,

3kct

P= STtGC>

Solving this for a(t) = C:

C— 3kct
8tGp

(15) Einstein had assumed that £ = 1. Did he

need that assumption?

(16) Use (V) to get the critical value of A, in

terms of p, that gives Einstein's static Universe.
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Therefore, we can write

= A +A

(17) What would happen if A were slightly bigger
than the critical value and what would happen if

it were slightly smaller?

Week 5, Slides 61-66

If A > A, we have d(t) > 0. If the Universe
is expanding it accelerates; if it is contracting it
decelerates. The effective repulsion that A gives

dominates the attractive nature of gravity.

If A < A, we have d(t) < 0. If the Universe
is expanding it decelerates; if it is contracting it
accelerates. The effective repulsion that A gives

is dominated by the attractive nature of gravity.

We have a single value of A that gives a static Uni-

verse, with very different behavior on either side.

This was criticized right away as too delicate a
“fine tuning.” Further, as the years went on, it was

observed that the Universe is, in fact, expanding.

Eventually Einstein came around, dropped the cos-
mological constant, accepted a dynamic Universe,

and agreed that the Universe had a beginning.

APPENDIX 1 s

ihe derdusrted comeoenc of the sl o
tions. Tt seems to me, however, “theory of
of s

hypothesis which is not justified from
26 oir presat keomedge ]uhafﬂhm
the oyl freuency. Menesane cante b
‘Habhlee diaviey e e eepeasit o . it O

tical
nature. The astronomers tead to sonsier the s of
different spectral types as age clasics of a uniform.

From "The Meaning of Relativity’; A. Einstein, 19§

But, was he right in saying that he was wrong?

§5.4 The Expansion of the Universe

dr?

2 _ 2 2
dS —dt —a(t) m—F

r2(d6* + sin® 0d¢?)
We've said that a(t) > 0 is equivalent to saying
that the Universe is expanding, but how does this

connect to what we measure?

Note:
We call Hy = a(t)/a(t) Hubble's “constant.”

Consider observers separated by fixed coordinate
distances r. The physical distance between them
is R(t) = a(t)r.

Even if they have fixed coordinates, the distance

between them changes because a(t) does.

ADDITIONAL NOTES
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They're not moving away from everything else by Instead, they're sitting in place

actively running away:

and enjoying at no charge the benefits of the ex- The “hot big bang theory” makes testable predic-

pansion of the Universe: tions.

It predicts that the Universe should have begin
mainly with Hydrogen (75%) and some Helium
(25%).

(18) Why these two elements?

Highlights from History
Time (s) | What happened? | Temp (°K)
? 7

/ Matter forms

Are we making all this up? Maybe. But,...

We can estimate the temperature and density as

2.0-10712| Electromagnetism |1.2-10'8 we plot back in time.
2.0-1076 quarks combine 1.7 - 102
1.0 neutrinos released | 1.2 - 1010 We have theories of particle physics that tell us
2 9
18- 1013 Hydrogen forms | 1.2 103 how particles behave at high energies.
1.2-10 photons released 2.9-10
: : : We can test this in particle accelerators on earth,
4.4-10'7 Today 2.8 where we have achieved effective temperatures of

(1.4-10'6)° K.
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Is there anything more definite?

Well, there are the photons released about 370,000
years after the big bang, if it occurred. They would

still be in the Universe.

It can be calculated that they would be at a little
under 3°K now, and the expansion of the Universe
will have stretched their wavelengths to around

1 cm, the microwave region. Can we find them?

Week 5, Slides 73-78

Hunted by Dicke and Peebles at Princeton in the
1960s, but accidentally discovered as noise at Bell

Labs by Penzias and Wilson.

§5.5 The Critical Density

3a?(t 87G 3k
Remember: ;2(55)) = 724 p— 20 ()

(20) Find a relation (equation or inequality) be-

tween p and 8;46; (3HZ) when k= —1, 0, 1.

(19) Solve for p (and use Hy = a(t)/a(t)). k=-1
p= k= 0:
k=1
A
We call p = —— (3H{) the critical density of the
8w a(t)
, , . . p < pe
Universe, p.. It's the dividing density between an P = Pe
open and a closed Universe, and between continual — k=l
: > pe -
expansion and recollapse. P ke
+ t [time]
today

ADDITIONAL NOTES
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That’s what you'd expect on physical grounds. It
takes matter to curve spacetime. If there's a low
level of matter, you don't expect enough curvature
to “close the Universe” or cause recollapse:

“Matter tells geometry how to curve.”

Arvind Borde

65.6 Big Bang Problems

By the late 1970s, the big bang theory was con-

sidered on solid footing.

The origin of the uniformity of the Universe was
unknown, but it was indisputable: the uniformity
of CMBR was solid proof.

The density of the Universe was unknown, but it

appeared to be close to p..

Then, at a conference in 1979 to celebrate the
100th anniversary of the birth of Albert Einstein,
Dicke and Peebles (Drs. Microwave Background),
discussed puzzling aspects of the big bang theory:

9. The big bang cosmology - enigmas and
nostrums?

R. H. DICKE AND P. J. E. PEEBLES

They said

The big bang cosmology that developed out of Einstein's ideas and
Hubble’s observations has stood the test of time and observation, but
even the staunchest advocate would admit that it is at best only a
reasonable first approximation that certainly does not tell the whole
story. There are in particular some curious and enigmatic features of this
cosmology that lead us to think that an important piece of the picture
may be missing. It is useful to review and reconsider these curiosities
from time to time because they certainly have something to teach us.
But what 1s it?

then went on with a quick account of what was

understood about the Universe in 1917:

It is not clear how familiar Einstein was with the observational situa-
tion in astronomy, or how much attention he paid to it. There was at the
time speculation that the spiral nebulae are island universes like the
Milky Way galaxy, but there were also some good arguments that these
objects must be only minor satellites. It was considered well established,
from star counts, that the Milky Way star system is finite and bounded,
shaped roughly like a flattened spheroid. The spiral nebulae seemed to
be concentrated at the poles of this star system, which would suggest
they are related to it. Also, by 1916 van Maanen had found the first
tentative evidence of proper ﬁ:otions in some of the larger spirals (van
Maanen, 1916). If valid, and if the internal velocities in these systems
are less than the velocity of light, it would make them quite close and
much smaller than the Milky Way.

Nebulae were hazy patches that had been cata-
logued because they got in the way of finding the

really interesting objects: comets.

The nature of these nebulae was debated. Some
astronomers said they were in the Milky Way, oth-

ers argued that they were outside it.

One argument that they were within the MW was

the observations of novae in some of them.

ADDITIONAL NOTES
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If a single star outside the MW could be observed
brightening, the event would have to be “on a scale
of magnitude such as the imagination recoils from
contemplating.”

“A Popular History of Astronomy during the Nineteenth
Century,” Agnes M. Clerke, page 438.
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The question relates to the size of the Universe:
Is the MW the entire Universe, or does the Uni-
verse extend outside the MW?

The Milky Was was already known to be vast.

The question was debated

on 26 April 1920 by two G
) BULLETIN
leading astronomers. NAHONAL Ribiaen
COUNCIL

THE SCALE OF THE UNIVERSE
By Hassow Snareey
BMount Wiison Observatary, Camegie Institation of Waskington
asd

The event became known

Hisza D. Coaris
Disector, Alegheny Observatory

as the Shapley-Curtis “Great
Debate.” .

‘PunLisiEn 3¥ Tan Narioar Researca Covwers

“Tur Nariowar Acavnuy or Scrences.
Wasunoros, D. C.
1921

Here's the debate in your language:

THE SUN'S NEAR Da CENTER OF OUR

GALAXY, SURROUNDED BY STARZ LIKE

HATAZ SAY “NO" THEN RAT-TAT-TAT HOS CLINGIN' TO ME, SPIRAL

GOES MY GAT, SPIRAL NEBLLAE ARE NEBLLAE ARE ACTUALLY >

PART OF DA MILKY WAY, OTHERWISE 3 F Y FACT:
ANDROMEDA'S REE e

TOO #%ERXING THEN T SAYy THE GREAT

FAR AwAY! ITCH PLEAR!

DA OUTER PART OF DA GALAXY 15
.

WHERE DA SUN'S AT, IF YA PLAYA

HAVE BEEN

AWESOME AS
A FREESTYLE
RAP BATTLE,

The “within MW" view was thought to have won.

Although Einstein had been trying to build a larger
cosmology, the indications were that the Milky
Way was the entire Universe. But:

Over the next two decades it became clear that these indications are
misleading, the former because interstellar dust in the plane of the
Milky Way obscures the galaxies and the latter because of observational
problems. Einstein's vision was remarkably good. In 1924 Hubble
showed, by the identification of variable stars of known intrinsic
luminosity, that the spiral nebulae are well outside the Milky Way and at
least comparable to it in size (Hubble, 1924). Hubble's surveys of the
galaxy distribution, begun in 1926 (Hubble, 1926) and continuing
through the 1930s, gave the first direct evidence of large-scale homo-
geneity and isotropy. This has been confirmed by recent observations of
the precise isotropy of the radiation background - X-ray, microwave,

The observations that the Universe was much big-
ger than we'd originally thought had also provided
evidence of large scale homogeneity and isotropy.

This is remarkable:

The concept of large-scale homogeneity has been with us so long that
cosmologists tend to take it as a commonplace, but it is remarkable
simply because it stands in such contrast to our experience that things
have structure - from the properties of subatomic particles on up to the
organization of galaxies in great clouds. Milne (1935) was the first to

ADDITIONAL NOTES
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It's not only remarkable, large scale homogeneity
is a problem:

The distant galaxies observed in well-separated parts of the sky are so
far apart from each other that there is not time enough since the big
bang for a signal to have traveled from one to the other. Observers on
Earth can see and compare them, being about half-way in between, and
in line with homogeneity it is found that the galaxies are quite similar.
By comparing radiation background intensities across the sky it is also
found that the temperature and expansion rate are precisely synchro-
nized across the visible universe. Even though the separate parts of the
visible universe are not visible to each other they are evolving in very
precise unison.

Arvind Borde

We believe the Universe is ~ 14 billion years old.

A patch of the Universe 12 billion light years from
us in one direction cannot have communicated
with another patch 12 billion light years from us

in the opposite direction.

Yet they look virtually identical. What made them
that way, if there was no communication between

them?

Is this really a problem?

Are structural relations between widely separated parts of the uni-
verse a problem? In the past these parts were much closer together. But
close proximity in earlier times does not eliminate the problem. Assum-

This problem, the problem of inexplicable unifor-

mity, is known as the

Whether you think it a problem depends on how

content you are with coincidence.
OK, we have a problem. Actually, we have two.

Dicke and Peebles, go right on to say:
The relationships of widely separated parts of the universe are not the
only problem. There is a remarkable balance of mass density and
expansion rate. In general relativity theory with A=0 the two are

related by the equation

1 da\? c?
H= ;d—‘:) =4rGo ()~ ©.1)

where a(t) is the expansion parameter, R is a constant, and |R|a(r) is
the magnitude of the space curvature (measured in a hypersurface of
roughly constant galaxy proper number density, at fixed cosmic time ),
The present relative value of the two terms on the right side of this
equation is poorly known, because the mean mass density, g, is so
uncertain, but it is unlikely that the first term is less than 3 per cent of
the magnitude of the second. Since p varies as a > (or more rapidly if
pressure is important) the mass term on the right-hand side dominates
the curvature term when a is less than about 3 per cent of its present
value. Tracing the expansion back in time, one finds that at r ~ 1 s, when
much of the helium is thought to have been produced, the mass term is
some 14 orders of magnitude larger than the curvature term. This means
the expansion rate has been tuned to agree with the mass density to an
accuracy better than 1 part in 10'*. In the limit r-0 this balance

Remember, £ = 0 gives the critical density, the
dividing density between
a closed Universe (k= 1,p > p.) and

an open Universe (k= —1,p < p.).
a(t)

— k=1
— k=0
—_— k=1

- t [time]
today
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In Slide 75, from () we'd obtained:

04 C4 4

_ 3k _ c 3k
P = 3G (3H02 + _a2(t)> = 550 BHE) + sia (-

Writing the right-hand side in terms of p.:

+3]4:04 1
7 8rG a?(t)

p=0p

Week 5, Slides 97-102

Solving for p.:

o 3ket 1
Pe =P~ 3nG a2 (t)

(21) What is p./p — 17

Pe 3kct 1

p ~ 87G pa?(t)

The quantity p/p. is called the density parameter
and denoted by 2. So we have
k 4
Q' —1)pd(t) = —;T—CG = constant.
Writing pa®(t) as pa®(t)/a(t), and arguing that
pa(t) is roughly fixed, pa®(t) goes down (rapidly)

as the Universe expands.

Therefore, (2~! — 1) must go up rapidly.

Why is that a problem?

The observed density of the Universe is estimated
to be between a tenth and twice the critical density
of about 1073 g/cc: i.e., 0.1 < Q < 2.

(22) What are the bounds on (271 —1)?

For a rapidly growing quantity to be this small to-

day (after 14 billion years of growth), the density

parameter 2 = p/p. would have had to have been

between 0.99999999999999 and 1.00000000000001
1 sec after the big bang.

the expansion rate has been tuned to agree with the mass density to an
accuracy better than 1 part in 10'*, In the limit t-0 this balance

Even small deviations from this cause the Universe

to behave very differently from what we see.

A slightly greater value for p would make the Uni-
verse to be closed, and recollapse rapidly. A slightly

smaller value would give too rapid an expansion.

Why the Universe should be so precisely tuned to
the critical (i.e, flat) value of the density is called

the
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Week 5, Slides 103-108

§5.7 Inflation

Dicke and Peebles presented the horizon and flat-
ness problems at the Einstein centenary conference
in 1979, but had already been giving lectures about

them at other venues.

One lecture was by Dicke at Cornell on November
13, 1978, on the flatness problem. It was attended
by a young particle physicist, Alan Guth.

Arvind Borde

Guth got his Ph.D. from MIT in 1972 and had

hopped around in temporary positions since:
O Princeton, 1971-74

0 Columbia, 1974-76
o Cornell, 1976-79
o SLAC, 1979-1980

In 1978 Guth felt cosmology wasn't interesting.
He went to Dicke's lecture because Penzias & Wil-

son had just received a Nobel Prize.

Guth was working on “Grand Unified Theory” at
the time — the theory that unifies the strong nu-
clear, weak nuclear and electromagnetic forces at

high energies (temperatures).

In 1970, we'd had a good understanding of just

electromagnetism (and gravity).

By 1976, we had a unified theory of three of the

four fundamental forces.

Guth was investigating the existence of magnetic
monopoles in GUT: Could they have existed in the
early Universe and, if they did, why might we not

see them today?

On the night of December 6, 1979, Guth felt he
had found the reason why we see no monopoles

today, through a mechanism called supercooling.

Then he remembered Dicke's talk (a year ago). ..

Dec 71, 11"

_SPECT ACUL AR REALIZATION

This Kind  of  supercseeling  canm explain why

Fhe  aniviess doday s imcredibly  Plat — . and
—tharafors wde.  resalve the paradex =
poiated ol by Reb  Dicke  {.  his Einsteia  dcy

_lectaras .,

be¥ e Piesd  cederivn “the,

Ha calies o +he

Dicke  paradox. s =
empieical Peat +he +he o

deacceltration  jparmameter  dodsy e is of  acde- 4,

Later that same month, Guth was told over lunch
about the horizon problem of cosmology (he didn't
know of it at the time). He went home and figured
out, that afternoon itself, that his “supercooling”

mechanism would solve this problem too.

It was, as he said later, as if he'd found the master
key to the Universe: door after door opened with

that single key.
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Guth's career after December 1979:

O January 23, 1980: Announces his ideas in a seminar at
SLAC

O January 24, 1980, before lunch: gets invitations to
present his ideas from three different universities.

O January 24, 1980, after lunch: Is invited to spend
three further years at SLAC; hears that U. Penn, and
UC Dauvis are considering offering permanent professor-
ships.

O January 28, 1980: U. Penn offers the job.

O February-March, 1980: Lectures at ten universities, in-
cluding Harvard, Princeton, Columbia and Cornell.

Week 5, Slides 109-114

O On his return has offers of professorships from Min-
nesota, Rutgers, Harvard, Princeton, Maryland, UC
Davis and UC Santa Barbara.

O But he wants MIT — and shortly after, he gets it. He's
been there ever since.

What was this big idea of Alan Guth’s?

Inflationary universe: A possible solution to the horizon and flatness problems

Alan H. Guth*
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305
(Received 11 August 1980)

The standard model of hot big-bang cosmology requires initial conditions which are problematic in two ways: (1)
The early universe is assumed to be highly homogeneous, in spite of the fact that separated regions were causally
disconnected (horizon problem]; and (2) the initial value of the Hubble constant must be fine tuned to extraordinary
accuracy to produce a universe as flat (i.e., near critical mass density) as the one we see today (flatness problem).
These problems would disappear if, in its early history, the universe supercooled to temperatures 28 or more orders
of magnitude below the critical temperature for some phase transition. A huge expansion factor would then result
from a period of exponential growth, and the entropy of the universe would be multiplied by a huge factor when the
latent heat is released. Such a scenario is completely natural in the context of grand unified models of elementary-
particle interactions. In such models, the supercooling is also relevant to the problem of monopole suppression.
Unfortunately, the scenario seems to lead to some ! S0 i ions must be sought.

Guth was able to show that the problems of big
bang cosmology could be solved if you had an
exponential scale factor that doubled a(t) every

10~37 seconds for a hundred doublings.

This would stretch the Universe a million trillion
trillion times in ten trillionth-trillionth-trillionth of

a second.

It solves the Horizon Problem by making every-
thing was close enough in the past in order to have

communicated.

It solves the Flatness Problem by blowing the Uni-

verse up so much, it looks flat.

Cosmic inflation was quickly embraced.

In 1982, Stephen Hawking organized a conference

around the very early Universe.

Major advances occurred here in figuring how in-
flation predicts structure formation: quantum fluc-
tuations give rise to tiny irregularities that act as

seeds for larger structures (stars, galaxies, etc.).
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Week 5, Slides 115-120

Directly looking for fluctations in CMBR. ..

BICEP project, South Pole

Arvind Borde

a(t)

Attractive
gravity — k=1
i — k=0
— k=—1
Repulsiv]
gravity

P

t [time]

T
today

Revisiting the Initial Singularity

The conclusion that there's an initial singularity is

an important one, because it says

That's one of the most

important results of standard modern cosmology.

Many people have resisted this:

How does Standard Cosmology Imply a Beginning?

Observations support the fact that the Universe is
expanding. Therefore, the graph of the scale fac-
tor, a(t), is increasing at ¢ = today and, if gravity

is always attractive, is concave down everywhere.

We can show based only on these two conditions
that a(t) = 0 at a finite time in the past.

The graph of a(t) is increasing today and concave

down everywhere:
at)

A

a(today))

> t [time]

today

Projecting into the past, we get:
alt)

3

altoday))|

=

The graph of a(t) can't wriggle out from under the
straight line that's the past-projection of a(today)

without going concave up.
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So, a(t) must be zero a finite time in the past in an
expanding Universe in which gravity is attractive.
As you approach that time, the matter density,

. That's how calculations indicate that the

Universe had a beginning.

But

What happens in more realistic situations?

Week 5, Slides 121-126

Even without symmetry assumptions, the theo-
rems of Hawking and Penrose show that there is

an initial singularity (in the form of

) as long as some energy condition holds:

weak or strong. (

.) That was a very im-

portant conclusion. But, it needs to be revisited in

inflation for technical and philosophical reasons.

1. Technical reasons:
In inflation, the

la:

1b:

Theorems that say there was an initial singularity

that depend on these conditions no longer apply.

2. Philosophical reason:

2. Philsophical Reason: Inflation is Forever

Because the mechanism of inflation involves quan-

tum processes, it

. (That would

lead to another version of the horizon problem.)

Inflation will end at different times at different

places.

Each post-inflationary region will expand at the
“normal” cosmological rate, but these regions will
be separated by a background that is expanding

so fast, they will not, in general, merge.

A "bubble” (“pocket Universe") such as ours comes
from a tiny post-inflationary patch of spacetime
in a hot, dense, explosive state. The explosion

(“"bang”?) would lead to our observed Universe.

But, we'd be part of a multiverse:

ol
P.D. Will, “Eternal Inflation and the Multiverse”, 2012

https://esc.fawi.uva.nl/thesis/centraal /files/f252559910.jpg
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When inflation ends at a particular place cannot
be predicted with certainty. The quantum nature

of inflation means we can only assign probabilities.

Inflation is, in general, : it continues

somewhere forever into the future

Arvind Borde

It's natural to ask if inflation is also past-eternal:

does it continue forever into the past?

The explosion from which a post-inflation bubble
such as ours evolves would not itself be a singu-
larity, and there would not automatically be a sin-

gularity prior to it, just a state of eternal inflation.

In this scenario,

Non-singular Inflationary Cosmology

A short history

In the early 1980s attempts were made to con-
struct inflationary, non-singular cosmologies. They

were not successful.

Occasional attempts were made to study if this

lack of success was necessary.

1987: “Geodesic focusing, energy conditions and singular-
ities,” A. Borde, Class. Quant. Grav., 4, 343-356 (1987).

“situations where there are repeated violations of the en-
ergy conditions are shown to still lead to the focusing of
geodesics, ... The existence of singularities in situations
where the energy conditions are violated, as in inflationary
cosmological models, is also discussed.”

1992: “Did the Universe have a beginning?”’ A. Vilenkin,
Phys. Rev. D 46, 2355 (1992).

“It is argued that ‘eternal inflation’ must have a beginning
in time. Conditions are formulated for a spacetime to de-
scribe an eternally inflating universe without a beginning,
and it is shown that these conditions cannot be satisfied.
A rigorous proof is given for a two-dimensional spacetime,
and a plausibility argument for four dimensions.”

A Tale of Two Afternoons

Afternoon 1: September 1993
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“Eternal inflation and the initial singularity,” AB & AV,
Phys. Rev. Lett., 72, 3305 (1994).

“The impossibility of steady-state inflation,” AB & AV,
Eighth Yukawa Symposium, Japan (1994).

“Open and closed universes, initial singularities and in-
flation,” AB, Phys. Rev., D50, 3692 (1994).

“Inflation and initial singularities,” AB, Seventh M. Gross-
mann Meeting, Stanford (1996).

“Singularities in inflationary cosmology,” AB & AV,
Sixth Quant. Grav. Seminar, Moscow (1996).
“Violations of the weak energy condition in inflating
spacetimes,” AB & AV, Phys. Rev., D56, 717 (1997).

Week 5, Slides 133-138
A Tale of Two Afternoons

Afternoon 2: August 2001

The BGV Theorem

Inflationary Spacetimes A re Incomplete in Past Directions

Arvind Borde,"* Alan H. Guth,' and Alexander Vilenkin'

"Institute of Cosmology, Department of Physies and Astronomy, Tufts University, Medford, Massachusetts 02155
“Natural Sciences Division, Southampion College, New York 11968
*Center for Theoretical Physics, Laboratory for Nuctear Science and Department of Physics, Massachuserts Institute of Technology,

Cambridge, Massachuseits 02139

(Received 5 October 2001: revised manuscript received 24 January 2003; published 15 April 2003)

Many inflating spacetimes are likely to violate the weak energy condition, a key assumption of
singularity theorems. Here we offer a simple kinematical argument, requiring no energy condition, that
a ical model which is inflati Jjust expanding iently fi st be i in
null and timelike past directions. Specifically, we obtain a bound on the integral of the Hubble
parameter over a past-directed timelike or null geodesic. Thus inflationary models require physics
other than inflation to describe the past boundary of the inflating region of spacetime.

I Introduction.—Inflationary cosmological models
[1-3] are generically eternal to the future [4,5]. In these
models, the Universe consists of postinflationary, ther-
malized regions coexisting with still-inflating ones. In
comoving coordinates the thermalized regions grow in
time and are joined by new thermalized regions, so
the comoving volume of the inflating regions vanishes
as ¢t — oo, Nonetheless, the inflating regions expand so
fast that their physical volume grows exponentially with
time. As a result, there is never a time when the Universe
is completely thermalized. In such spacetimes, it is natu-
ral to ask if the Universe could also be past-eternal. If it
could, eternal inflation would provide a viable model of
the Universe with no initial singularity. The Universe
would never come into existence. It would simply exist.

After reviewing the background

More general theorems showing that inflationary space-
times are geodesically incomplete to the past were then
proved [8]. One of the key assumptions made in these
theorems is that the energy-momentum tensor obeys the
weak energy condition. Although this condition is satis-
fied by all known forms of classical matter, subsequent
work has shown that it is likely to be violated by quantum
effects in inflationary models [9,10]. Such violations must
occur whenever quantum fluctuations result in an increase
of the Hubble parameter H—i.e., when dH/dt > 0—
provided that the spacetime and the fluctuation can be
approximated as locally flat. Such upward fluctuations in
H are essential for the future-eternal nature of chaotic
inflation. Thus, the weak energy condition is generally
violated in an eternally inflating universe. These viola-
tions appear to open the door again to the possibility that
inflation, by itself, can eliminate the need for an initial
singularity. Here we argue that this is not the case: In fact,

We state our main claim.

The theorem requires one condition, the

considering spacetimes for which the past region obeys an
averaged expansion condition, by which we mean that the
average expansion rate in the past is greater than zero:

H =0 1)
With a suitable definition of H and the region over which

the average is to be taken, we show that the averaged
expansion condition implies past-incompleteness.

ADDITIONAL NOTES

23



Week 5, Slides 139-144

metric. We define the Hubble parameter as [14]
Au —v, (Du*/dr)

H= —r =
A ¥ -k @
Since @ is a geodesic, we have (Dv*/dt) =0, and
therefore
—dy/dr dr
H=—25 = TRy (r), ©)
VY- — K dr
where

-1 null observer (k = 0),
Fo) = { Dt

ni=y timelike observer (k = 1).

(10)

Arvind Borde

As in Sec. II, we now integrate H along O from some
initial 7; to some chosen 7.
Tf
[ Har=rp - F =G an
In the null case F('yf) = 'y;] , which is equal to the value
of dr/drt at t7, normalized in Sec. II to unity.
Equation (11) therefore reproduces exactly the results of
Egs. (4) and (6), but in a much more general context.
Again we see that if H,, > 0 along any null or noncomov-

ing timelike geodesic, then the geodesic is necessarily
past-incomplete.

IV, Discussion.—Our argument shows that null and
timelike geodesics are, in general, past-incomplete in
inflationary models, whether or not energy conditions
hold, provided only that the averaged expansion condition
H,, = 0holds along these past-directed geodesics. This is
a stronger conclusion than the one arrived at in previous
work [8] in that we have shown under reasonable assump-
tions that almost all causal geodesics, when extended to
the past of an arbitrary point, reach the boundary of the
inflating region of spacetime in a finite proper time (finite
affine length, in the null case).

What can lie beyond this boundary? Several possibil-

Whatever the possibilities for the boundary, it is clear
that unless the averaged expansion condition can some-
how be avoided for all past-directed geodesics, inflation
alone is not sufficient to provide a complete description of
the Universe, and some new physics is necessary in order
to determine the correct conditions at the boundary [16].
This is the chief result of our Letter. The result depends on
just one assumption: the Hubble parameter H has a posi-
tive value when averaged over the affine parameter of a
past-directed null or noncomoving timelike geodesic.

Spreading the Message

Alan Guth spoke at Hawking's 60th birthday in
2002, partly on the fluctuations that led to struc-

ture formation, partly on the BGV theorem.

In the historical part of his talk, Guth mentioned
how in the early days of inflation, he was excited
that Stephen Hawking had organized a conference

on the early Universe and invited him.

On the BGV theorem, Guth asked

‘... can inflation by itself be the complete theory of cosmic
origins? Can inflation be eternal into the past as well as
the future, allowing a model which on very large scales is
steady state, eliminating the need for a beginning? The an-
swer | believe is no ... Borde, Vilenkin, and | have proven
a rigorous theorem, . .. [that] shows that the simplest type
of inflationary models still require a beginning, even though
they are eternal into the future. The difficulty is that we
have no way of discussing the class of all possible inflation-
ary models, so we cannot say that our theorem applies to
all cases.”
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: : 5.8 Milne’s Universe
And so word got out, but it sometimes got to un- 5

expected places ... Assume that P = 0 in the FLRW equations

3a2(t)  8xG 3k
21 AT 2w

) )

What are the possibilities as p — 07

Setting P = 0: a*(t) ~ —k and a(t) =0
. with £ =0 or —1.
3a%(t) 887G 3k

21 AP 2w

. The second equation simply confirms the first, and
3a(t) ArG , : :
a(t) = ar has no further content. So we're working with

What happens in these equations as p — 07

as our two cases

Case 1: k=0, ... a(t) = 0. Case 2: k= —1, . a(t) =~ £1.

If we scale the FLRW r coordinate to 7 = ar, we

get dr = adr and the metric becomes
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We've rediscovered “Milne’s Universe.”

(Wikipedia sagely observes “the assumption of zero
energy content limits its use as a realistic descrip-

tion of the universe.”)

But, it's thrilling.

Arvind Borde

65.9 Spacelikeness and Timelikeness

For a vector ‘7 we've defined

timelike if gV oV >0,
Vis { null if gup VOV =0,
spacelike  if g, VeV <0,

where ¢, V2V is g(V, V) if you're working ab-
stractly, or g;;V*V7 if thinking concretely in com-

ponents. In the same spirit, we'll use V* for V.

A (smooth) curve represents the path of:

a) a material test particle (such as a neutron), if

its tangent is everywhere timelike.

b) a massless test particle (such as a photon), if

its tangent is everywhere null.

If no (other) forces are at play, these paths are

geodesic.

Let f : M — R be a scalar function on an nd
spacetime, M. Define a (local) hypersurface, H,
as the (n—1)d submanifold given by f = constant.

The normal to H is obtained from the gradient of
f, calculated in coordinates {z'} as N; = {9;f},
where 0, f = 0f/0x".

We define N* = ¢ N;.

if N is timelike,
if Nt is null,
if N* is spacelike

spacelike
H is called < null

timelike

For example, in 4d Minkowski spacetime with co-
ordinates (¢,z,y,2), t is a scalar function whose

level hypersurfaces are spacelike (N = (1,0, 0,0)).

A spacelike hypersurface is “an instant of time,”

or, as Kurt Godel put it, “a layer of ‘now’.”

Godel came up with his characterization in an at-
tempt to answer whether “reality” can always be

split into layers of ‘now.’
The answer he came up with was, in general, no.

In cosmology we start with the simplifying assump-

tion that it can.

ADDITIONAL NOTES




