
Arvind Borde / PHY17, Week 4: Momentum & Center of Mass

§4.1 Momentum Conservation

The total momentum, ~P , of a system is constant

if the total external force acting on it is zero.

Proof (from Week 2)

~̇P =
∑
i

~̇p i =
∑
i

∑
j 6=i

~F
int
ij + ~F

ext
i

 =
∑
i

~F
ext
i .

(1) Why?
1

So, if ∑
i

~F
ext
i = ~0,

then

~̇P = ~0,

i.e., ~P is const.

2

§4.1.1 Example 1: A sticky collision

Consider two masses, m1 and m2, moving with ini-

tial velocities ~v 1 and ~v 2, respectively, that collide

and stick (inelastic collision).

3

Initial momentum: m1~v 1 +m2~v 2.

Final momentum: (m1 +m2)~v , where ~v is

their joint final velocity.

From conservation of momentum:

Solving for ~v ,

~v =
4

Special case: ~v 2 = ~0 (i.e., a moving object hits

an object at rest).

Here
~v =

m1

m1 +m2
~v 1

or

~v 1 =
m1 +m2

m1
~v .

Thus, knowledge of the final situation allows us to

deduce the initial conditions that led to it.5

For example, if a car slams into another that’s ini-

tially at rest, the skid marks can be used to figure

out the joint final velocity of the stuck-car pair.

The masses of the two cars can be determined.

The initial velocity of the first car can then be

calulated to determine if it was speeding.
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§4.1.2 Example 2: Rocketry

Assume the rocket is moving in space away from

gravitating masses. This is a 1-d problem, so we

don’t need vector notation. The exhaust speed

of the ejected gas, vex is measured relative to the

rocket and we assume it is constant.7

The twist here is that the rocket expels gas, so its

mass isn’t constant .

At a time t the rocket will have mass m(t) and

speed v(t). Its momentum will be

P (t) = m(t)v(t).

8

At a later time t+ ∆t, the rocket’s mass and ve-

locity will both have changed, because of the gas

expelled in the interval ∆t. If the mass of the ex-

pelled gas is ∆m, the total momentum of rocket

plus expelled gas is

P (t+ ∆t) = ︸ ︷︷ ︸
rocket

− ︸ ︷︷ ︸
gas

.

9

In the absence of ext. forces, P (t) = :

=

i.e.,

Dividing by ∆t and letting ∆t→ 0, we get

10

(2) What’s NSL (as an equation)? ~F = m~a

(3) What’s ~a (as a derivative)? ~̇v

(4) So, what’s another way to write NSL?

11

(5) Comparing with the rocket equation, what

seems to play the role of force there? −vexṁ.

(6) Is there a philosophical/conceptual difference

between this term and our usual interpretation of

“force” in NSL?

In NSL the force is external.

This “force” is generated within the system.

It’s called the rocket “thrust.”12
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(7) Go ahead, make your day. Integrate

mv̇ = −vexṁ.

1)

2)

13

(8) Why must I keep m inside the integral, but

can take vex out?

m = m(t), but vex is assumed constant.

So, we have

or

14

So,

v =

(9) If v(0) = v0, and m(0) = m0, then

C =

so,

v =
15

Putting your vast experience of rocketry into use,

(10) Do you expect m(t) to be an increasing or

decreasing function of t? Decreasing.

(11) Do you expect v(t) to be an increasing or

decreasing function of t? Increasing.

16

Go back to

v = v0 + vex ln(m0/m).

(12) As m(t) goes down, does v(t) go up or

down? Up!

(13) As t→ 0, can m(t)→ 0?

Only in your dreams, you nutjob!

17

(14) If m(t) → 0.01m0 as t → ∞, what does

v(t) approach?

v(∞) =

(15) OK, you rocket-scientists, what do you do

to boost the final speed as much as possible?

1) Increase vex amap (as much as possible).

2) Decrease m(∞) amap (jettison stuff).
18
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§4.2 The Center of Mass (CofM)

The center of mass of a distribution of matter is

where, for many purposes, the mass is effectively

located.

An extended spherical body of total mass m, for

example, reacts to external forces as if all its mass

were located, or concentrated, at its center.

19

§4.2.1 CofM: system of particles

For a system of masses, mi, located at ~r i, respec-

tively, the position of the CofM is

~R =

(16) Where’s the CofM of two particles?

~R =
20

(17) If m1 = m2 = m, where do you intuitively

expect the CofM to lie?

Midway between the two.

(18) Where does the formula say it lies?

~R =

21

Easily finding the CofM requires a good choice of

coordinates. Consider a situation where all the

planets are arraigned in a straight line.

(19) Where’s the CofM of this solar system?

Pick the origin to be where the sun is, and the

x-axis along the line where the planets are.

Use the planetary data on the next slide.
22

Planetary Information

Planet mi (M�×10−6) xi (106 km)

Mercury 0.165 57.9

Venus 2.435 108.2
Earth 2.985 149.6
Mars 0.321 227.9
Jupiter 949.000 778.6

Saturn 284.000 1433.5
Uranus 43.400 2872.5
Neptune 51.000 4495.1

23

Then,

XCofM =

∑
planets

mixi

106 +
∑

planets
mi

=
1.5× 106

1× 106
= 1.5 million kilometers

Now, R� = 0.7 million kilometers, so the CofM of

the solar system is ∼ 2R� from center of the sun.
24
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That’s when all the planets are aligned, which is

not generally the case. As the planets orbit, the

CofM of the system continually shifts.

The sun orbits the C0fM of the system, too, as

does every star with its own planetary system. The

wobble in the positions of stars is one way we de-

tect planetary systems around them.

25

An aside on components:

Let M =
∑
i

mi be the total mass of a system of

particles located at ~r i = (xi, yi, zi).

If ~R = (X,Y, Z) is the position of the CofM,

X =

∑
imixi
M

, Y =

∑
imiyi
M

, Z =

∑
imizi
M

.

26

§4.2.2 CofM: continuous distribution of matter

If a matter distribution is continuous (such as in a

fluid or gas body),

~R =

where M is the total mass, as before, ρ the density

of the object, and V its volume.
27

In components, if ~R = (X,Y, Z) and ~r = (x, y, z),

X =
1

M

∫
ρ xdV

Y =
1

M

∫
ρ ydV

Z =
1

M

∫
ρ zdV

28

Example: a solid cone, uniform density

29

From the symmetry of the situation, X = 0 and

Y = 0, i.e., the center of mass lies on the z axis.

To get Z, it’s best to use cylindrical coordinates

(2-d polar coords instead of x-y, along with z).

The volume element at a height z will then be

dV = πr2dz = π
R2z2

h2
dz

from the diagram.30
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So

Z =

31

Now the volume of a cone is

V =

so the mass of a cone of uniform density, ρ, is

M =

32

So,

Z =

Thus the CofM of a cone of height h is (3/4)h

from the tip, or (1/4)h from the base.

(20) Makes sense? Yeah!

33
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