
Arvind Borde / PHY17, Week 11: Lagrangian Mechanics

§11.1 Hamilton’s Principle

§11.1.1 The setup

We use generalized coordinates, qi(t), to describe

the state of a dynamical system at a time t.

Our goal is to determine what the functions qi(t)

are as the system evolves from an initial time t1

to a final time t2. We’ll refer to this as the (gen-

eralized) path that the system takes.
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§11.1.2 Stationary action

To determine the path the system follows, we use

a function called the Lagrangian,

L = L(q1, q2, . . . qn, q̇1, q̇2, . . . q̇n, t),

and the principle that the “action integral”

S =

∫ t2

t1

L(qi, q̇i, t) dt

is stationary wrt any one parameter variations of

the path qi(t).2

In other words, compared to nearby paths, the ac-

tual path taken by the system is stationary.

That dynamical behavior could be described by

this one principle was proposed by William Hamil-

ton, and we call it “Hamilton’s Principle,” or (some-

what inaccurately) “the principle of least action.”

3

The stationarity of the action is equivalent to say-

ing that this set of n E-L equations holds (each

exactly the same form),

∂L
∂qi
− d

dt

∂L
∂q̇i

= 0.

As we’ll see, these equations allow us to determine

the path the system takes, qi(t).
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§11.2 What’s the Lagrangian?

For a system of N particles, the Lagrangian is

L =

where T is the KE and U the PE .

Why this? Basically, because it works: the E-L

equations that follow from Hamilton’s principle for

this choice of L are equiv. to NSL in those cases

that NSL applies.
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And, when classical particle mechanics is extended

to field theory (electromagnetic fields and such-

like), and thence to quantum field theory, New-

ton’s Laws don’t hold in their original, literal form.

But, Hamilton’s principle works, with a Lagrangian

for everything:

Lall = R︸︷︷︸
grav

− 1
4FµνF

µν︸ ︷︷ ︸
bosons

+ iψ̄γµDµψ︸ ︷︷ ︸
fermions

+Higgs
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§11.2.1N unconstrained particles, cartesian coords

We have

T =
1

2

∑
i

miv
2
i

and, assuming U is conservative,

U = U(~r 1, ~r 2, . . . ~r N ),

where ~r i is the position of the ith particle, and

v2i = ~v i · ~v i = ~̇r i · ~̇r i.

.
7

If we pick our generalized coordinates to be the

cartesian components (xi, yi, zi) of each ~r i, we

have a system with n = 3N generalized coordi-

nates. Use the notation that

qix = xi, qiy = yi, qiz = zi,

we have

∂L
∂qix

= − ∂U
∂xi

= Fix &
∂L
∂q̇ix

=
d(1/2miẋ

2
i )

dẋi
= miẋi.
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So
d

dt

(
∂L
∂q̇ix

)
= miẍi = ṗix ,

so we see that

d

dt

(
∂L
∂q̇ix

)
=

∂L
∂qix

⇐⇒ ṗix = Fix .

In other words, for cartesian coordinates, at least,

NSLs for a system of N particles is equivalent to

the set of E-L equations.9

As we see above, the role of force is played by

∂L
∂xi

= −∂PE

∂xi

and we call it the “generalized force.” The role of

momentum is played by

∂L
∂q̇ix

=
∂KE

∂q̇ix
,

and we call it the “generalized momentum.”
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Thus, we interpret the E-L equations

∂L
∂qi
− d

dt

∂L
∂q̇i

= 0 or
∂L
∂qi

=
d

dt

∂L
∂q̇i

as

generalized force =
˙︷ ︸︸ ︷

generalized momentum
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What does “unconstrained” mean above?

(1) What do you think it means? No restrictions

on the particles that force them to follow a certain

path, or to be linked to each other in any way.

The molecules of a gas are unconstrained.

The molecules of a top are constrained.
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§11.2.2 Single particle: 2-d polar coordinates

The generalized coordinates, {qi}, here are {r, φ},
and the generalized velocities, {q̇i}, are {ṙ, φ̇}.

The Lagrangian is

L =
1

2
mv2 − U(r, φ) =

1

2
m(ṙ2 + r2φ̇2)− U(r, φ),

where (of course) m is the mass of the particle.
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(2) What’s the r equation?

∂L
∂r

=
∂L
∂ṙ

=

So
∂L
∂r

=
d

dt

∂L
∂ṙ

becomes

or

Fr = −∂U
∂r

= m( )
14

(3) What’s the φ equation?

∂L
∂φ

=
∂L
∂φ̇

=

So
∂L
∂φ

=
d

dt

∂L
∂φ̇

becomes

=
d

dt
( .)

Now

~F = Frr̂+ Fφφ̂ = −~∇U = −∂U
∂r
r̂− 1

r

∂U

∂φ
φ̂15

Or, Fφ = −1

r

∂U

∂φ
. So

∂L
∂φ

= −∂U
∂φ

= rFφ.

The generalized φ-force is just the torque , and

the generalized φ-momentum

∂L
∂φ̇

= mr2φ̇

is the angular momentum .16

So the φ E-L equation says

Γ = L̇.

As usual, if

Γ =
∂L
∂φ

= 0

then

L =
∂L
∂φ̇

= mr2φ̇

is conserved. This is true in general.
17

§11.2.3 Generalized conservation laws

The E-L equation written as

∂L
∂qi

=
d

dt

∂L
∂q̇i

immediately tells us that if L is independent of a

particular coordinate, qi, then (since ∂L/∂qi = 0)

the corresponding generalized momentum ∂L/∂q̇i
is conserved.18
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§11.3 Systems With Constraints

§11.3.1 Example: a single pendulum

The mass m moves in the x-y plane,
but the coordinates are constrained by

x2 + y2 = `2

An obvious generalized coordinate here is the

angle φ . Clearly this single one suffices.19

With the origin at the point of suspension,

x =

y =

If the zero of PE is at the bottommost position

(equilibrium position), then

U =

and

T = 1/2m(ẋ2 + ẏ2)20

(4) What’s the Lagrangian?

L =

(5) What are these?

∂L
∂φ

=
∂L
∂φ̇

=

(6) Write down the E-L eqn. here:

21

The torque exerted by gravity on m is

Γ = (−mg)(`) sin θ,

and the moment of inertia of m is I = m`2.

So the E-L equation is the familiar result that

Γ = L̇ = ˙(Iω) = Iα,

where ω = φ̇ is the angular velocity, and α = φ̈ is

the angular acceleration.
22

§11.3.2 Degrees of Freedom

This is the number of coordinates that can be inde-

pendently varied. For example, although a single

pendulum moves in the 2-d x-y plane, it has only

one degree of freedom because varying either x or

y determines how the other changes.

23

An N -particle system in 3-d has 3N coordinates.

If it also has 3N degrees of freedom, we say the

system is unconstrained.

If it has fewer than 3N degrees of freedom, we say

the system is constrained.

If a system with n degrees of freedom needs n

generalized coordinates, it is called holonomic .
24
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§11.3.3 A nonholonomic system: an example

Although the position of the ball requires just two coor-
dinates, x and y, making this a system with 2 degrees of
freedom, its rotational state requires 3 more variables, and
so a total of 5 generalized coordinates.25

§11.3.4 Holonomic systems

We’ll confine ourselves to holonomic systems.

We’ve shown that for unconstrained systems, the

E-L equations are equivalent to NSL.

We’ll now examine the status of the E-L equations

for constrained systems.

26

Let’s look at a particle constrained to move on a

2-d surface in 3-d space, as an example.

There will be two types of forces on the particle,

~F
cstr

, the net force that constrains the particle to

the surface, and ~F , the net force that causes mo-

tion along the surface.

~F

~Fcstr

27

~F
cstr

may or may not be conservative, but we as-

sume that ~F obeys the second condition for con-

servatism (path-independence of the work inte-

gral), so there’s a PE, U(~r , t), such that

The total force is

28

Choose the Lagrangian here, too, as

L =

(7) Does anything seem excluded here? Yes.

U carries information only about ~F, not about ~F
cstr

But, as we’ll see, it comes out OK in the wash, as

long as we only consider paths constrained to lie

on the surface of interest.

29

Let ~r (t) be the path the particle follows, and

~R (t) = ~r (t) + ~ε (t)

be an infinitesimally nearby path on the surface.

We assume that ~R (t) has the same endpoints as

~r (t), so ~ε (t1) = ~ε (t1) = ~0 .

30
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Now

L( ~R , ~̇R , t)

=

31

The difference in the Lagrangian between the paths

~R (t) and ~r (t) is

δL =

Therefore, the difference in the action integral be-

tween the paths ~R (t) and ~r (t) is

δS =

∫ t2

t1

δL dt =

∫ t2

t1

(m~̇r · ~̇ε − ~ε · ~∇U) dt
32

But, using integration by parts,∫ t2

t1

(m~̇r · ~̇ε ) dt =

So

δS = −
∫ t2

t1

~ε · (m~̈r + ~∇U) dt

33

Now NSL says that

m~̈r =

Meanwhile

~∇U =

So

δS =

34

But ~ε is a vector from the path ~r (t) to the path

~R (t), and both paths are on the surface of con-

straint, i.e., ~ε is tangent to the surface.

But ~F
cstr

is normal to the surface. So ~ε · ~F
cstr

= 0 .

Therefore δS = 0 and is therefore stationary wrt

variations that obey the constraints.

35

If we choose two generalized coordinates, q1 and

q2, on the surface it follows from the stationarity

of S on the surface that the E-L equation will hold

for our choice of L,

∂L
∂qi

=
d

dt

∂L
∂q̇i

.

This is true in general dimensions.
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