
Arvind Borde / MTH675, Unit 21: Finding Spacetime Metrics

-3. The Expansion of the Universe

ds2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
We’ve said that ȧ(t) > 0 is equivalent to saying

that the Universe is expanding, but how does this

connect to what we measure?

Note:

We call H0 ≡ ȧ(t)/a(t) Hubble’s “constant.”1

Consider observers separated by fixed coordinate

distances r. The physical distance between them

is R(t) = a(t)r.

Even if they have fixed coordinates, the distance

between them changes because a(t) does.

2

They’re not moving away from everything else by

actively running away:

3

Instead, they’re sitting in place

4

and enjoying at no charge the benefits of the ex-

pansion of the Universe:

5

The “hot big bang theory” makes testable predic-

tions.

One is that there’s remnant radiation running around

the Universe at a temperature of ∼ 3◦K at mi-

crowave wavelengths: the CMBR.

Hunted by Dicke and Peebles at Princeton in the

1960s, but accidentally discovered as noise at Bell

Labs by Penzias and Wilson.6
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-2. The Critical Density

Remember:
3ȧ2(t)

a2(t)
=

8πG

c4
ρ− 3k

a2(t)
(♦)

(1) Solve for ρ (and use H0 = ȧ(t)/a(t)).

ρ =

7

(2) Find a relation (equation or inequality) be-

tween ρ and c4

8πG (3H2
0 ) when k = −1, 0, 1.

k = −1:

k = 0:

k = 1:

8

We call ρ =
c4

8πG
(3H2

0 ) the critical density of the

Universe, ρc. It’s the dividing density between an

open and a closed Universe, and between continual

expansion and recollapse.

9

ρ < ρc
ρ = ρc

ρ > ρc

10

That’s what you’d expect on physical grounds. It

takes matter to curve spacetime. If there’s a low

level of matter, you don’t expect enough curvature

to “close the Universe” or cause recollapse:

“Matter tells geometry how to curve.”

11

-1. Big Bang Problems

By the late 1970s, the big bang theory was con-

sidered on solid footing.

The origin of the uniformity of the Universe was

unknown, but indisputable: the uniformity of CMBR

was solid proof.

The density of the Universe was unknown, but it

appeared to be close to ρc.12
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Then, at a conference in 1979 to celebrate the

100th anniversary of the birth of Albert Einstein,

Dicke and Peebles (Drs. Microwave Background),

discussed puzzling aspects of the big bang theory:

13

They said

14

then went on with a quick account of what was

understood about the Universe in 1917:

15

Nebulae were hazy patches that had been cata-

logued because they got in the way of finding the

really interesting objects: comets.

The nature of these nebulae was debated. Some

astronomers said they were in the Milky Way, oth-

ers argued that they were outside it.

One argument that they were within the MW was

the observations of novae in some of them.16

If a single star outside the MW could be observed

brightening, the event would have to be “on a scale

of magnitude such as the imagination recoils from

contemplating.”

“A Popular History of Astronomy during the Nineteenth
Century,” Agnes M. Clerke, page 438.

17

The question relates to the size of the Universe:

Is the MW the entire Universe, or does the Uni-

verse extend outside the MW?

The Milky Was was already known to be vast.

18
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The question was debated

on 26 April 1920 by two

leading astronomers.

The event became known

as the Shapley-Curtis “Great

Debate.”

19

Here’s the debate in your language:

The “within MW” view was thought to have won.

20

Although Einstein had been trying to build a larger

cosmology, the indications were that the Milky

Way was the entire Universe. But:

21

The observations that the Universe was much big-

ger than we’d originally thought had also provided

evidence of large scale homogeneity and isotropy.

This is remarkable:

22

It’s not only remarkable, large scale homogeneity

is a problem:

23

We believe the Universe is ∼ 14 billion years old.

A patch of the Universe 12 billion light years from

us in one direction cannot have communicated

with another patch 12 billion light years from us

in the opposite direction.

Yet they look virtually identical. What made them

that way, if there was no communication between

them?24
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Is this really a problem?

This problem, the problem of inexplicable unifor-

mity, is known as the

horizon problem.

25

Whether you think it a problem depends on how

content you are with coincidence.

OK, we have a problem. Actually, we have two.

Dicke and Peebles, go right on to say:

26

27

Remember, k = 0 gives the critical density, the

dividing density between

a closed Universe (k = 1, ρ > ρc) and

an open Universe (k = −1, ρ < ρc).

28

In Slide 7, from (♦) we’d obtained:

ρ = c4

8πG

(
3H2

0 + 3k
a2(t)

)
= c4

8πG (3H2
0 ) + c4

8πG
3k
a2(t) .

Writing the right-hand side in terms of ρc:

ρ = ρc +
3kc4

8πG

1

a2(t)

29

Solving for ρc:

ρc = ρ− 3kc4

8πG

1

a2(t)

(3) What is ρc/ρ− 1?

ρc
ρ
− 1 = −3kc4

8πG

1

ρa2(t)
30
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The quantity ρ/ρc is called the density parameter

and denoted by Ω . So we have

(Ω−1 − 1)ρa2(t) = −3kc4

8πG
= constant.

Writing ρa2(t) as ρa3(t)/a(t), and arguing that

ρa3(t) is roughly fixed, ρa2(t) goes down (rapidly)

as the Universe expands.

Therefore, (Ω−1 − 1) must go up rapidly.
31

Why is that a problem?

The observed density of the Universe is estimated

to be between a tenth and twice the critical density

of about 10−30 g/cc: i.e., 0.1 < Ω < 2.

(4) What are the bounds on (Ω−1 − 1)?

32

For a rapidly growing quantity to be this small to-

day (after 14 billion years of growth), the density

parameter Ω = ρ/ρc would have had to have been

between 0.99999999999999 and 1.00000000000001

1 sec after the big bang.

33

Even small deviations from this cause the Universe

to behave very differently from what we see.

A slightly greater value for ρ would make the Uni-

verse to be closed, and recollapse rapidly. A slightly

smaller value would give too rapid an expansion.

Why the Universe should be so precisely tuned to

the critical (i.e, flat) value of the density is called

the flatness problem.34

Dicke and Peebles presented the horizon and flat-

ness problems at the Einstein centenary conference

in 1979, but had already been giving lectures about

them at other venues.

One lecture was by Dicke at Cornell University on

November 13, 1978, on the flatness problem.

It was attended by a young particle physicist, Alan

Guth.35

Guth got his Ph.D. from MIT in 1972 and had

hopped around in temporary positions since:
◦ Princeton, 1971–74

◦ Columbia, 1974–76

◦ Cornell, 1976–79

◦ SLAC, 1979–1980

In 1978 Guth felt cosmology wasn’t interesting.

He went to Dicke’s lecture because Penzias & Wil-

son had just received a Nobel Prize.36
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Guth was working on “Grand Unified Theory” at

the time – the theory that unifies the strong nu-

clear, weak nuclear and electromagnetic forces at

high energies (temperatures).

In 1970, we’d had a good understanding of just

electromagnetism (and gravity).

By 1976, we had a unified theory of three of the

four fundamental forces.37

Guth was investigating the existence of magnetic

monopoles in GUT: Could they have existed in the

early Universe and, if they did, why might we not

see them today?

On the night of December 6, 1979, Guth felt he

had found the reason why we see no monopoles

today, through a mechanism called supercooling.

Then he remembered Dicke’s talk (a year ago). . .38

39

Later that same month, Guth was told over lunch

about the horizon problem of cosmology (he didn’t

know of it at the time). He went home and figured

out, that afternoon itself, that his “supercooling”

mechanism would solve this problem too.

It was, as he said later, as if he’d found the master

key to the Universe: door after door opened with

that single key.
40

Guth’s career after December 1979:

◦ January 23, 1980: Announces his ideas in a seminar at
SLAC

◦ January 24, 1980, before lunch: gets invitations to
present his ideas from three different universities.

◦ January 24, 1980, after lunch: Is invited to spend
three further years at SLAC; hears that U. Penn, and
UC Davis are considering offering permanent professor-
ships.

◦ January 28, 1980: U. Penn offers the job.

◦ February-March, 1980: Lectures at ten universities, in-
cluding Harvard, Princeton, Columbia and Cornell.41

◦ On his return has offers of professorships from Min-
nesota, Rutgers, Harvard, Princeton, Maryland, UC
Davis and UC Santa Barbara.

◦ But he wants MIT – and shortly after, he gets it. He’s
been there ever since.

42
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What was this big idea of Alan Guth’s?

43

0. Milne’s Universe

Assume that P = 0 in the FLRW equations

3ȧ2(t)

a2(t)
=

8πG

c4
ρ− 3k

a2(t)

3ä(t)

a(t)
= −4πG

c4
(ρ+ 3P )

44

What are the possibilities as ρ→ 0?

Setting P = 0:

3ȧ2(t)

a2(t)
=

8πG

c4
ρ− 3k

a2(t)

3ä(t)

a(t)
= −4πG

c4
ρ

What happens in these equations as ρ→ 0?

45

ȧ2(t) ≈ −k and ä(t) ≈ 0

with k = 0 or −1.

The second equation simply confirms the first, and

has no further content. So we’re working with

as our two cases.46

Case 1: k = 0, ∴ ȧ(t) ≈ 0.

If we scale the FLRW r coordinate to r̂ = ar, we

get dr̂ = adr and the metric becomes

47

Case 2: k = −1, ∴ ȧ(t) ≈ ±1.

48
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We’ve rediscovered “Milne’s Universe.”

(Wikipedia sagely observes “the assumption of zero

energy content limits its use as a realistic descrip-

tion of the universe.”)

But, it’s thrilling.

49

1 Spacelikeness and Timelikeness

For a vector ~V , we’ve defined

~V is


timelike if gabV

aV b > 0,

null if gabV
aV b = 0,

spacelike if gabV
aV b < 0,

where gabV
aV b is g(~V , ~V ) if you’re working ab-

stractly, or gijV
iV j if thinking concretely in com-

ponents. In the same spirit, we’ll use V a for ~V .50

A (smooth) curve represents the path of:

a) a material test particle (such as a neutron), if

its tangent is everywhere timelike.

b) a massless test particle (such as a photon), if

its tangent is everywhere null.

If no (other) forces are at play, these paths are

geodesic.
51

Let f : M → R be a scalar function on an nd

spacetime, M. Define a (local) hypersurface, H,

as the (n−1)d submanifold given by f = constant.

The normal to H is obtained from the gradient of

f , calculated in coordinates {xi} as Ni = {∂if},
where ∂if ≡ ∂f/∂xi.

We define N i ≡ gijNj .
52

H is called


spacelike if N i is timelike,

null if N i is null,

timelike if N i is spacelike

For example, in 4d Minkowski spacetime with co-

ordinates (t, x, y, z), t is a scalar function whose

level hypersurfaces are spacelike (N i = (1, 0, 0, 0)).

A spacelike hypersurface is “an instant of time,”

or, as Kurt Gödel put it, “a layer of ‘now’.”53

Gödel came up with his characterization in an at-

tempt to answer whether “reality” can always be

split into layers of ‘now.’

The answer he came up with was, in general, no.

In cosmology we start with the simplifying assump-

tion that it can.

54
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2. Symmetries

Consider a one-to-one mapping of a manifold onto

itself: φ :M→M.

The mapping is called a homeomorphism, as we’ve

seen, if it and φ−1 are continuous.

It is called a diffeomorphism if it and φ−1 are

smooth.

55

Q What’s a function, f(x) : R→ R, that’s smooth,

but whose inverse is not? f(x) = x3

56

What does φ :M→M do to other entities?

Scalar function f : φ(f(P )) = f(φ(P )).

Vectors: Along the lines of a “derivative mapping”

(U6), the mapping φ defines a mapping, φ∗, that

carries vectors at a point P ∈M to vectors at the

point φ(P ) ∈M.

Metric: φ carries the metric at P to one at φ(P ).
57

If the mapped metric is the same as the original

at φ(P ), we call the mapping an isometry.

This “metric preserving” mapping, generalizes the

idea of an isometry as a “distance preserving map-

ping” (U6).

58

3. The Form of the FLRW Metric

We look at a 4d spacetime and assume there’s

“time coordinate” t and a set of “spatial coordi-

nates,” such that

a) t = constant hypersurfaces, H, do not intersect

each other and are (going to be) spacelike;

b) fixed values of the spatial coordinates define

timeline lines in the “t direction.”59

We express the idea of spatial homogeneity by say-

ing that for any p, q ∈ H, there’s an isometry that

maps p to q.

Expressing isotropy mathematically is slightly trick-

ier. If an observer at a point P see the Universe

as isotropic, another observer at P moving relative

to the first will not see isotropy.

60
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We assume isotropy “along the t lines:” for any

point P ∈ M, if V a is tangent to a t line, and

Sa1 and Sa2 any two spacelike vectors orthogonal

to V a, there’s an isometry that leaves P and V a

fixed and takes Sa1 to Sa2 .

61

Under these restrictions, it follows that the metric

is of the form

ds2 = dt2 − a2(t)dσ2

where dσ2 is a metric on a 3d manifold of constant

curvature, k.

There are three possibilities: k > 0, k = 0, k < 0.

They can be scaled to k = 1, k = 0, k = −1.

62

4. Calculating a(t)

ds2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]

gab =


1 0 0 0

0 − a2(t)

1− kr2
0 0

0 0 −a2(t)r2 0

0 0 0 −a2(t)r2 sin2 θ


63

gab =



1 0 0 0

0 −1− kr2

a2(t)
0 0

0 0 − 1

a2(t)r2
0

0 0 0 − 1

a2(t)r2 sin2 θ


64

Christoffel symbols:

Γmij =
1

2
gmk

(
∂gik
∂uj

+
∂gkj
∂ui
− ∂gij

∂uk

)
So

Γtij =
1

2

(
∂git
∂uj

+
∂gtj
∂ui
− ∂gij

∂t

)
i.e. (no sum over t),

Γttj = Γtjt = .
65

(5) Calculate Γtrθ, Γtrφ, Γtθφ. All zero.

(6) Calculate Γtrr.

Γtrr =

. . . and so forth.

66
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Here they all are (non-zeroes):

Γtrr = aȧ/(1− kr2)

Γtθθ = aȧr2

Γrtr = Γθtθ = Γφtφ = ȧ/a

Γrθθ = −r(1− kr2)

Γθrθ = Γφrφ = 1/r

Γθφφ = − sin θ cos θ

Γrrr = kr/(1− kr2)

Γtφφ = aȧr2 sin2 θ

Γrφφ = −r(1− kr2) sin2 θ

Γφθφ = cot θ
67

Then, we calculate the Ricci tensor:

Rij ≡ Rmimj ≡
∂Γmij
∂um

− ∂Γmim
∂uj

+ ΓnijΓ
m
nm − ΓnimΓmnj

Rtt = −3ä/a

Rrr = (aä+ 2ȧ2 + 2k)/(1− kr2)

Rθθ = r2(aä+ 2ȧ2 + 2k)

Rφφ = r2(aä+ 2ȧ2 + 2k) sin2 θ
68

and
R = gijRij

= −6

[
ä

a
+

(
ȧ

a

)2

+
k

a2

]
then set

Rij −
1

2
Rgij =

8πG

c4
Tij ,

with Tij for a perfect fluid.69
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