Arvind Borde / MTH 675, Unit 20: Cosmology
1. Review
and Rab =

(1) What do we do when we do GR?

∂ e [ 21 g ed (∂ a gbd +∂ b gad −∂ d gab )]

We try to solve Einstein’s equation.

− ∂ a [ 12 ged (∂ b ged +∂ e gbd −∂ d gbe )]

(2) What is Einstein’s equation?

− [ 21 gf d (∂ a ged +∂ e gad −∂ d gae )]
× [ 12 ged (∂ f gbd +∂ b gf d −∂ d gf b )]
+ [ 21 ged (∂ a gbd +∂ b gad −∂ d gab )]

where Tab is the E-m tensor, R = g ab Rab ,

× [ 12 gf d (∂ e gf d +∂ f ged −∂ d gef )]

1

2
(3) What does it mean to “solve Einstein’s eq.?”

The theory is difficult computationally, and also

It means determining the metric gab .

conceptually because you are determining the struc-

(4) It’s not possible to solve the equation without

ture (or geometry) of spacetime itself by finding

further assumptions. What might they be?

the metric

Usually symmetry assumptions and ones about the

.

What does knowing the metric, gab , do for you?

form of Tab .
(Solving without assumptions is hard: we have a
complicated system of coupled non-linear p.d.e.’s.)

3
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Knowing the metric allows you to:

Another twist:

◦ Figure out how objects in behave in spacetime:

Solving Einstein’s equation

· how they move (on geodesics, for example),

8πG
1
Rab − Rgab = 4 Tab
2
c

· how they experience time, etc.

means simultaneously figuring out the metric, gab ,

◦ Know the “causal structure”: what events can

and clarifying how the energy-momentum tensor

communicate with what other events.

5

of matter, Tab , behaves.
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The vacuum: Tab = 0

This means that the metric can be reduced every-

Einstein’s equation becomes

where to the Minkowski metric




Solutions of this are called vacuum solutions.
An obvious vacuum solution is that gab is constant.

0

0

0

0

−1

0

0

0

0

−1

0

0

0

0

−1



i.e, spacetime is flat.

making Rab and R zero.
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3. Cosmology

That’s what you’d naively expect:
No matter

“we are not able to make cosmological models with-

↓

out some admixture of ideology”
– S.W.Hawking and G.F.R.Ellis
“The Large Scale Structure of Space -Time,” 1973.

No gravitation
↓

The ideology that we adhere to today is the anti-

No curvature
Spacetime should be flat. Life is good

.

ideology of the anthropocentric view held in West-

(at least for now)

9

ern Europe for around 2,000 years: We ain’t special.
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Less dramatically, we assume that the Universe

Based purely on these symmetry assumptions, it’s

is

possible to pick suggestive coordinates (t, r, θ, φ)

and

homogeneous
isotropic

the largest scales.

(all places are the same)
(all directions the same) on

and fix a form for the metric
dr2
ds = dt − a (t)
+ r2 dΩ2
1 − kr2
2

2

2



where dΩ2 = dθ2 + sin2 θdφ2 .
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k = −1



k=0




k = +1

Cred: Friedman (Soviet Union), Lemaitre (France), Robertson and Walker (USA) in the 1920s–1940s.
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The three possibilities, labeled by k, arise from the

a(t) is called the

curvature of space being

and is assumed positive. Its behavior follows from

Negative

Zero

k = −1

Positive

k=0

of the Universe

Einstein’s equation and the nature of matter. Dif-

k = +1

(2d representations of

scale factor

ferent behaviors arise in different circumstances.

3d space)
The nature of matter is what the energy-momentum
says it is. Our symmetry assumptions force matter
to be uniformly sprinkled throughout the Universe.

|

13

{z

}

|

{z

}

“open” universes (spatially infinite) “closed” (finite)

06r<∞

0 6 r < 2π
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We model this by assuming the Universe is filled

The metric, gab , appears on the right hand side of

entirely and uniformly by a fluid:

Einstein’s equation, too.

1
0
= (ρ + P ) 
0
0


Tab

where we identify
matter

15

and

0
0
0
0

0
0
0
0


0
0
 + P gab
0
0

Our goal is to figure out the behavior of a(t), ρ
and P from Einstein’s equation.

ρ as the energy density of
P as its pressure

.

The steps are

16
The result of steps (1) and (2) is:

1. Calculate the curvatures Rab and R from the
FLRW metric. The answer will involve a(t),

(♦)

and its derivatives.
(♥)

2. Set up Einstein’s equation with the above form
of Tab :
1
8πG
Rab − Rgab = 4 Tab
2
c
173. Solve (as best you can).

where k = −1, k = 0, and k = +1 gives us the
three cases we’ve mentioned.
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(5) What does eqn. ♦ say ρ has to be if a(t) = C

In practice, both ρ and P are positive for normal

(a constant)?

forms of matter.
(6) In this case, what does eqn. ♥ say whether
a(t) can be constant?
We must have ä < 0. Therefore, ȧ 6= 0 throughout.
Therefore a(t) cannot stay constant.
The scale factor must change – the Universe must
be dynamic, not static.

19
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We can get more information by making further
assumptions about ρ and P , usually a relationship
between the two (“equation of state”).
One scenario: P = ρ/3 (“radiation dominated”)
√

2t + t2 (−)


√
(0)
a(t) = 41/4 t


√
2t − t2 (+)

21Plotting this around “today”:

ȧ > 0: The Universe is expanding.

22

Projecting

Projecting

into

into

the

the

future:

past:
If the graph is concave down throughout, it follows

ä < 0: The expansion is deccelerating.

that a(t) was zero in the past.

The graph is concave down.

23

(The Universe had a beginning.)
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This consequence holds up in a wide variety of scenarios where “gravity is attractive.” This happens
when ρ > 0 and P > 0, and it forces the expansion

(7) Now, rewrite the (♦) equation with all the
a(t) terms on the left.

of the Universe to decelerate. I.e., the equation
3ä(t)
4πG
= − 4 (ρ + 3P )
a(t)
c

(8) If a(t) → 0 what can you say about the left-

forces ä < 0. Observations indicate that the Universe is expanding, we are led to the inevitable

hand side, and therefore ρ on the right?
ρ → ∞. If the scale factor vanishes, the density
of the Universe “blows up.”

25conclusion: There is always a beginning.
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How it “Looks”

As t → 0, a(t) →
B
A
C
K
I
N
T
I
M
E

↓

27

0

, and ρ →

∞

.

As things compress (get more dense), they heat
up. If the density approaches ∞, so does the
temperature.
Infinities are problematic (the singularity problem).
Still, the Universe was in a very hot, dense state
in the past from which it exploded and expanded:

28the hot big bang

You’d think Einstein would be happy at this major consequence, but he had sensed as far back as
1917 that these issues, especially that of singularities, might be a problem.
In fact, these issues arise in Newtonian gravity, as
well, as Newton mentioned in letters he wrote in
1692-93 (“Four Letters from Sir Isaac Newton to
Doctor Bentley”).

29

30

December 10, 1692
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December 10, 1692
Newton then goes on to say how this might explain

31

December 10, 1692

why the Universe contains what it does, as known

32at the time (stars and planets) . . .
Bentley raised objections and Newton replied:

33

December 10, 1692

34

January 17, 1693

January 17, 1693

35
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After a long discussion of infinity, Newton ends:

January 17, 1693
Newton ties himself into knots, with good reason.

January 17, 1693

37

38

The same issue arises in General Relativity. A year

He saw that difficulties with the Newtonian theory

after his fundamental paper introducing that the-

were serious

ory, Einstein wrote a paper on cosmology:

and that General Relativity would have the same
problem. A static Universe would be unstable.

39

40

Gravity is a destabilizing phenomenon because it

Against gravitational collapse, what supports

is (apparently)

(9) the atomic nucleus? Electromagnetic forces.

always attractive.

Newton and Einstein realized that the attractive
nature of gravity made systems that are controlled
by

gravity alone

(10) molecules?

Electromagnetic forces.

(11) your nose?

Electromagnetic forces.

inherently prone to collaps-

ing on themselves. Yet, much of the Universe is
stable. We don’t see things rushing to each other,
overwhelmed by a fatal gravitational attraction.

41

42
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But, what supports and gives stability to

The motion that gives stability to the solar system

(12) the solar system?

and to galaxies is

(13) galaxies?

Motion.

Motion.

rotation.

There is no evidence for large-scale rotation of the

No electromagnetic forces at work here.

Universe. But expansion could have been used by
Einstein to stabilize the Universe.

43

44

Instead, he changed his theory

admitting that

This is a glimpse of how some of the remainder of
Einstein’s career would play itself out.

45

46

Einstein proposed altering his equation to

Einstein found the idea of a static Universe attractive because, among other reasons, it would

1
8πG
Rab − Rgab + Λgab = 4 Tab
2
c
Λ is called the

cosmological constant

eliminate the question of the initial singularity (the
and

origin of the Universe).

is meant to give a small effective large scale repul-

The Universe would not begin, end, or change.

sion that would balance the instability caused by

It would simply be.

the inherently attractive nature of gravity, and so

47give a static Universe.

48
ADDITIONAL NOTES

8

MTH 675

Unit 20, Slides 49–54

The cosmological solutions now become
3k
3ȧ2 (t) 8πG
= 4 ρ− 2
2
a (t)
c
a (t)
3ä(t)
4πG
= − 4 (ρ + 3P ) + Λ
a(t)
c

We’ve seen that if a(t) = C = constant,
3kc4
ρ=
8πGC2

(♦)
(♥Λ )

Solving this for a(t) = C:
s

Einstein showed that if k = 1 and P = 0 there
C=

is a particular (“critical”) value of Λ that allows a
static solution with a(t) = constant.

49

3kc4
8πGρ

50

(14) Einstein had assumed that k = 1. Did he

(15) Use (♥Λ ) to get the critical value of Λ, in

need that assumption?

terms of ρ, that gives Einstein’s static Universe.

Yes.

k = −1 does not give real answers, and k = 0
gives a Universe of zero size.

51

52
If Λ > Λcrit , we have ä(t) > 0. If the Universe

Therefore, we can write

is expanding it accelerates; if it is contracting it

3ä(t)
= −Λcrit + Λ
a(t)

decelerates. The effective repulsion that Λ gives
dominates the attractive nature of gravity.

(16) What would happen if Λ were slightly bigger
than the critical value and what would happen if
it were slightly smaller?

53

If Λ < Λcrit , we have ä(t) < 0. If the Universe
is expanding it decelerates; if it is contracting it
accelerates. The effective repulsion that Λ gives
is dominated by the attractive nature of gravity.
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We have a single value of Λ that gives a static Universe, with very different behavior on either side.
This was criticized right away as too delicate a
“fine tuning.” Further, as the years went on, it was
observed that the Universe is, in fact, expanding.
Eventually Einstein came around, dropped the cosmological constant, accepted a dynamic Universe,

55and agreed that the Universe had a beginning.

56
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